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Transmission-Line Analysis of a Capacitively
Coupled Microstrip-Ring Resonator

Cheng-Cheh YuMember, IEEE and Kai ChangFellow, IEEE

Abstract—The resonant frequencies of a microstrip-ring res-
onator capacitively coupled to a feed line are accurately analyzed Zr
using a transmission-line model. By making use o BC'D- and
Y -admittance matrices, a compact closed-form expression for the 7
. . : - . . 0 Wo S
input impedance of the ring alone is analytically derived and
shows that the ring can be equivalently viewed as a frequency-

Wr

dependent capacitor. The coupling gap is then modeled by an
equivalent L-network comprising a parallel and a series gap
capacitance obtained by modifying Garg and Bahl’s closed-form r=mean radius
expressions for an end-to-end microstrip gap. By simplifying the
parallel and series combinations of the overall equivalent circuit,
the total input impedance looking from the feed line to the gap
is analytically derived to predict the resonant frequencies. To
verify the analysis, the resonant frequencies of the capacitively
coupled ring resonator have been accurately measured, with
the experimental results showing very good agreement with the
theoretical predictions.

Fig. 1. The microstrip-ring resonator capacitively coupled to a microstrip
feed line.

gap between the feed line and the ring resonator [16]-[19].
Due to the field interactions in the coupling-gap region, the
actual resonant frequency will have some deviation from that
of a stand-alone microstrip-ring resonator. To simplify the
analysis, Changt al.[20] first proposed a straightforward, but
reasonably accurate transmission-line method that can include
|. INTRODUCTION the gap discontinuities and devices mounted along the ring.

M ICROSTRIP resonators have been widely used for th8 Chang’s work, ar-network is used to model the coupling

measurements of dispersion, phase velocity [l]_[4§;,ap. Scrutiny of the overall equivalent circuit reveals that there

dielectric constant [5], and discontinuities [6], [7]. The tW(YV'” be an ex.tra Capac'tar,‘c‘? parallel-connected to the. rng
configurations that are most often used are linear and riftg the 9ap size goes to infinity. Therefore, a better circuit
resonators. For the linear resonator, the fringing fields on bdffPresentation for the gap is needed. _

open ends will cause a foreshortening effect [8]-[10], and In the f(_)llowmg sections, a compact closed-form expression
surface- and space-wave radiation losses [11]-[13], wherd@s the input impedance of an isolated microstrip-ring
the ring resonator shown in Fig. 1 has two advantages: it'fgSonator will be analytically derived by making use of
free of open-ended effects and its curvature effects can ABCD andY -admittance matrices. In addition, instead of the

made negligible if its diameter is large enough, with respe&fn€twork used in [20], a more reasonatileetwork will be
to the linewidth [14]. A review of ring circuits can be foundd'Ven to model the coupling gap without changing the original
in [15]. ring structure. Then the overall equivalent circuit model for

A microstrip-ring structure resonates when its electric2i® capacitively coupled ring resonator, including the coupling
length is about an integral multiple of the guide wavelengt§@P €ffects, will be derived to predict the existing resonant
The size of the coupling gap determines the coupling deg,fégquenues. Finally, accurate measurements will be performed

between the feed line and the ring resonator. Most of th@ Verity the validity of the analysis given in this paper.

studies on ring resonators in the open literatures use rigor-

ous, but sophisticated, field theory to analyze their electrical

characteristics and do not include the effects of the coupling [l. INPUT IMPEDANCE OF A STAND-ALONE
MICROSTRIPRING RESONATOR

Index Terms—Microstrip-ring resonator, resonant frequency,
transmission-line analysis.

A microstrip line formed as a closed loop on a dielectric
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the page. Moreover, due to the fact that port two is actually
open-circuited outside, it can be readily shown that the input
admittance seen at port one is

Votng = Y11Y22Y— Y12Ym' @)
22
Therefore, the required input impedance of the isolated ring
resonator can be obtained as shown in (5), at the bottom of the
page, where- and ¢ are the mean radius and circumference
of the ring, respectively.
A As can be seen from (5), the input impedance of the ring
, S _ o resonator has been expressed in a general compact closed form.
Fig. 2. Transmission-line model of a stand-alone microstrip-ring resonatoi—.he equation is similar to that given in [22], but the steps
taken are not provided there.
In order to derive an equation for the input impedance of theln order to develop an equivalent circuit for the ring

ring resonator with a mean circumferente= 27r, the ring resonator alone, th&.;,, in (5) is rewritten as
resonator is conceptually split into two sections, as shown in
Fig. 2. With both ends of the two split sections connected A 1 6)
together, port one is used to designate the feeding port and T jwCiing
port two is arbitrarily chosen and kept open-circuited outside,
since there is nothing connected there. By resorting to tHeen
well-established transmission-line theory, th&C D transfer 2Y:[1 — cos(27Bp7)]
matrices for the individual sections can be given as follows Cring = wsin(2rB,7) ()
[21, pp. 231-244]:

o wherew is the radian frequency (rad/s).
{A B} = {,Cos_ﬁrgl:? JZysinfily (1) Equations (6) and (7) indicate that the microstrip-ring res-
C D], Yesinflia cosfliy onator alone can be formally viewed as a simple frequency-

where subscripts 1 and 2 refer to the split transmission-liggPendent capacitor which may become inductive as the
sections of lengthg; and¥,, Z,. = 1/Y,. = the characteristic operating frequency increases. Hereafter, owing to this equiva-

impedance of the microstrip ring that forms the ring resonatdf""c€: the ring resonator will be represented by the capacitance
and 3, = the corresponding propagation constant. given in (7).
The Y-admittance matrices for the upper and lower sections

can then be obtained from tha BCD matrices (as shown ll. EQUIVALENT CIRCUIT FOR THE COUPLING
below) by performing the matrix transformation given in [21, GAP AND THE TOTAL INPUT IMPEDANCE
pp. 231-244]:
Yy Yi [—jYicotBulrs  +5Ys csc Brlo A. Equivalent Circuit for the Coupling Gap
Yor Yoo|,, | HgYecese Bl —jYecot Bty o | The coupling gap in Fig. 1 is a challenging discontinuity

) problem to solve because it cannot be reduced to a two-
dimensional problem. In this paper, the coupling gap of
Since both ends of the two split transmission-line sections aree resonator will be modeled by an equivaldrnetwork,
connected in parallel, the individual-matrices are added tocomprising a parallel and a series gap capacitarf¢esnd
give the resultant”-matrix shown in (3) at the bottom of C, as shown in Fig. 3. The suitability of this equivalence for

Yii Yo _ | =gYo(cot Brfy 4 cot B.42)  +jYr(csc Brly 4 csc B.4o) 3)
Yo1 Yoo ring T | +jY(csc Bl +csc Bls)  —jY.(cot B8y + cot Brba) |

Y2,
Y112 — YioYo
—jY,.(cot .41 + cot 3,.45)
[—7Y(cot B4y + cot B.£2)]? — [1Y:(csc B4 + csc Br6o)]?
. Zy sinfid _ Z,  sin(2nfr)
T Ty T cospt oty 21— cos2aBr) gy

Zring =

()
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Co as seen by the source. In other words, the capacitively coupled

microstrip-ring resonator in Fig. 1 resonates wheég = 0.
(1 C. Calculation of the Parallel and Gap
l—v Ch Cig= | —0cosfr)  capacitances for the Coupling Gap

wsinfrl
T The parallel and series gap capacitances used to model the
O O coupling gap in this paper are assumed to take the same values
Fig. 3. The equivalent lumped circuit for the microstrip-ring resonatdf> thaF for an_ end-to-end microstrip gap [23] An eXtenSl\_/e
including the coupling gap. analysis of this gap has led to comprehensive results which
work for tightly coupled gaps. Among various field calcula-
tions, Benedek and Silvester's work using a rigorous charge
li:eversal method [24] seems to be the most reliable one, as
: judged by comparing it with many independent measurements
reasoning. ) X X . ,
When th . to infinity in Fig. 1. th _epubllshed in the literatures. In this paper, Garg and Bahl's
en the gap size goes fo infinity in Fig. %, € Sere§,seq-form expressions [25] will be modified by curve-fitting

gap capacne_mce wil approach zero. The mICI‘OStI’Ip—rII’lgIe available numerical results in [24] to give the capacitances
resonator will then be isolated and left unchanged fBr ¢, and C,, shown in Fig. 3
p g1 e

the two-capacitancé-network in Fig. 3 is used for the
coupling gap. Therefore, the adoption of the equivaleﬂ;
L-network for the gap is reasonable.

 If a three-capacitance-network is used to model the
coupling gap in Fig. 1, as done in [20], there will be on
extra capacitance parallel connected to the ring reson
as the gap size becomes infinitely large. This means tr%
the original structure of the ring resonator will be change
somewhat by adopting the three-capacitomnetwork.
Therefore, the two-capacitak-network in Fig. 3 is a
more reasonable simulation than the three-capagitor
network used in [20] for modeling the coupling ga
between the feed line and the resonator.

Zin

the coupling gap can be justified by the following lines o

When applying Garg and Bahl's closed-form expressions
calculate the even-mode capacitari¢g., and odd-mode
capacitancé€’,qq to give C), andCy, it can be shown that there
is an obvious jump in the capacitance distribution for different
ap sizes. In addition, there are some discrepancies between
gr results and Benedek and Silvester's data for dielectric
strates of smadll,.. In this paper, Garg and Bahl's expres-
ons have been modified to alleviate the aforementioned jump
in the capacitance-versus-gap size curves and to lead to a better
match with the numerical results obtained by Benedek and
Silvester for dielectric substrates of small. The modified
Requations forC), and C, calculations are given below:

M:ﬂ(i) “ (pFim)  (10)

B. Total Input Impedance for the Capacitively Wo Wo
Coupled Microstrip-Ring Resonator . =96 mo

. . . ) M = i Gko (pF/m) (11)

In Section Il, the input impedance of a stand-alone ring Wo Wo
resonator has been shown to be equivalent to a frequency-
. ) . L ere
dependent capacitor when viewed as a microstrip line tha
ends on itself. Moreover, based on the physical explanation in Wo\"*?
: . : me = 0.8675, ke =2.043( — ,
Section llI-A, the coupling gap between the feed line and the h
resonator can be better modeled by a two-capadinetwork. 0.1<5/Wy <05 (12a)
Therefore, the overall equivalent circuits for the capacitively 1.565 - 0.03
coupled ring resonator can now be integrated together to form m. = o 010 -1, ke =1.97— TN
a single-port three-capacitor network, as depicted in Fig. 3. <_0) <TO>
Obviously the total equivalent circuit is simple and easy to h
use. The total input capacitan€®, and impedanceZ;, are 0.5< S/Wo <1.0 (12b)
i i i W W
readily obtained, as shown in (8) at the bottom of the page, and — T0 <0.619 log . T0 B 0.3853),
. 1
Zin = jXin = Tl 9) 0.1<S/Wo <1.0 (12¢)

4 - WO
By definition, the resonant frequency for a circuit is the ko =4.26 — 1.453 logyo B 0.1<5/Wo <10
frequency that makes the total input impedance purely resistive (12d)

_ GGy + Cplring + CyCring

o Cg + Cring

_ Cp{wCysin(2n3,7) + 2Y,.[1 — cos(2n3,7)|} + 2C, Y, [1 — cos(273,7)]
N wCysin(27 B,r) + 2Y5[1 — cos(2m3,.7)]

C(i n

(8)
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Fig. 4. Even-mode capacitances for the end-to-end microstrip coupling geig. 6. Parallel capacitances for the end-to-end microstrip coupling gap with
with ¢ = 2.5, andWy/h = 2.0. o obtained by Benedek and Silvester [24],c,, = 2.2, A = 31 mil = 0.7874 mm, andW, = 2.3495 mm. I obtained
[ by Garg and Bahl [25], and\ by (10)—(16). by using Garg and Bahl's formulas [25], an¥ by (10)—(16).

50 R R modified version of Garg and Bahl's formulas, as shown in
(10)—(16) for dielectric substrates of smaljl.

Example 1: Subject: Calculation of even- and odd-mode
capacitances for end-to-end microstrip gap.

Parameters: Substrate dielectric constant £, = 2.5,
microstrip linewidth/substrate thickness Wy /h = 2.0, gap
size/microstrip linewidth= S/Wj varied from 0.1 to 1.0.

Results: The calculated even- and odd-mode capacitance
distributions versus’/W, are shown in Figs. 4 and 5, respec-
tively. As can be clearly seen from Fig. 4, the even-mode
capacitance distribution obtained by using (10)—(16) has a
small discontinuity atS/W, = 0.5, while that calculated by
utilizing the original Garg and Bahl's formulas has a much
10 o bigger jump atS/W, = 0.3. Additionally c;Iose inspection of

0.1 0.2 03 04 05 06 07 0.8 0.9 1.0 Fl_gs. 4 and 5 shows that _the results given t_)y Benedek _and

S/Wo Silvester are better approximated by the modified expressions
given in (10)—(16) for dielectric substrates of smaker

Fig. 5. Odd-mode capacitances for the end-to-end microstrip coupling gapExamp|e 2: Subject: Calculation of parallel and gap capac-
with e, = 2.5 andWy /h = 2.0. o calculated by Benedek and Silvester [24],

O by Garg and Bahl [25], anch by (10)—(16). itances for end-to-end microstrip gap.
Parameters: Substrate dielectric constart &, = 2.2,
substrate thickness A = 31 mil = 0.7874 mm, microstrip
and linewidth = W, = 2.3495 mm, gap size= S varied from

0.05 to 1.55 mm.
Coven(r) = 1.167Chven(er = 9.6)(6,,/9.6)*°  (13) Resu}ts:The calculated paraIIe_I and series cap_acitances are
shown in Figs. 6 and 7, respectively. Once again, the curves

Coaaler) =11Coaa(er = 9.6)(e,/9.6)*° (14)  obtained by using the modified equations given in (10)—(16)
C, = Ceven (15) are smoother than those obtained by the original Garg and
2 Bahl's formulas.
c, :M (16) As justified by the comparisons made in the preceding
4 two examples, the modified version of Garg and Bahl's

. . . formulas hereafter will be used to calculate the parallel and
whereh ande, are the thickness and dielectric constant of th& b

substrate, respectively. ap capacitances for the microstrip coupling gap in Fig. 1.
The modifications were made in the limits &/ W, in

(12a) and (12b), and the coefficients in (13) and (14). In order IV. THEORETICAL AND EXPERIMENTAL

to justify the above modifications, two examples are given RESULTS FOR THESTUDY OF GAP EFFECTS

below to examine the differences among the results obtainedro verify the validity of the transmission-line analysis for

by Benedek and Silvester [24], Garg and Bahl [25], and tteecapacitively coupled microstrip-ring resonator developed in
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Fig. 7. Series capacitances for the end-to-end microstrip coupling gap witty. 8. The theoretical normalized total input reactan¥g,/Z, versus
er = 2.2, h =31 mil =0.7874 mm, Wy = 2.3495 mm, and calculated frequency by using (6)—(16) for a ring resonator.
by using Garg and Bahl's formulas [25], and by (10)—(16).

. . subsequent analysis. Although other methods may offer greater
Sections Il and IIl, expgrlmental_dgta have been taken a s of convergence to the point nearest to the given initial
compared to the theoretical predictions. The parameters u@%‘iss they cannot converge unless the function is well-
are described as follows: behav'ed.

1) substrate material: RT/Duroid 5880 with = 2.240.02, Additionally, during the process of deriving the input
substrate thickness h = 0.7874 mm, copper thickness jmpedance of the ring resonator alone, it has been assumed that
= t = 0.03556 mm, and substrate loss tangeat ihe ring resonator is lossless. However, there will always be
tan 6 = 0.0009; o o some accompanying dielectric, conductor, and even radiation

2) parameters of feed-in microstrip lind, = 2.3495 mm,  |555es. From the circuit theory on lumped-element resonators
Zo = 50-444 Q, eeqr 0 = 1.865, and fip = w,/Eemo/c = [21, pp. 330-336], the quality factap is defined as (series
wv/1.865/3 x 10° (as calculated by the widely usedinductive reactance/series resistance) for a series resonant
microwave software LineCaly; circuit and (parallel resistance/parallel inductive reactance)

3) parameters for the line that forms the microstrip-ringyr a parallel one. Therefore, there will be a small series
resonatorW, = Wo, Z,. = Zo, €ett,r = €eit,0, v = o, resistance seen by the source for a higiresonator at the
and» = 10.2959 mm; series resonant frequency and a maximum parallel resistance

4) coupling gap siz_e: S varied from 0.1 to 0.9 mm; at the parallel resonance point.

5) coax-to-microstrip  connector:  MFR-FSCM-61697 \yhen performing the experiments and measuring the result-
(SMA connector from M/A-COM with protruding inner j,g fundamental resonant frequency with a network analyzer,
conductor made flat). it can be easily seen that the resonant condifign(w,.) = 0,

By using (6)—(16), the theoretical total input reactancesrresponds to a minimurfi; scattering parameter as long as
can be plotted as a function of frequencies. The normalizggkre is some loss existing in the tested circuit. It is because the
reactancesX;,/Zo for the aforementioned capacitively coufield is excited to the largest extent at the resonant frequency
pled microstrip-ring resonator with 0.1-mm gap size havgnd, hence, the loss reaches its maximum value. This method
been calculated and is shown in Fig. 8. It can be seen th@tmeasuring the resonant frequency by spotting the dip in
the resonator has both a series resonant frequgn@nd a s, (w) is referred to as the reflection measurement [7].
parallel resonant frequencfj,, resembling the characteristics The theoretical simulation for coupling gap size ranging
of a stable piezoelectric quartz crystal [26]. This suggest®m 0.05 to 0.95 mm has been carried out, and the corre-
that microstrip-ring resonators may find useful applications ponding circuit experiments with gap sizes varied from 0.1
narrow-band circuit designs. to 0.9 mm have been carefully implemented and measured

The solution of (9) for satisfying the resonance conditiogsing an HP 8510B automated network analyzer. The network
Xin(wy) = 0 is merely a root-finding problem. There areynalyzer is the ramp source selected for circuit excitation and
several canonical methods available to solve this probleérgm_poim single-por$.; calibration has been done between
in numerical analysis. Each method has its own advantages7 and 3.40 GHz. Both the theoretical and experimental
and disadvantages. In view of the drastic reactance changgyits are shown together in Fig. 9. The results show that the
around the series and parallel resonant frequencies (as sheygyretical resonant frequencies using the preceding modified
in Fig. 8), the bisection method has been utilized for theng circuit analysis agree very well with the measurements.

1LineCalc, EEsof, Inc., Westlake Village, CA, 1993. Therefore, the transmission-line model and analysis presented
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Fig. 9. Fundamental resonant frequencies as a function of coupling gap siggs 10.
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Difference between the theoretical series and parallel resonant

for a ring resonator. The line with represents the theoretical series resonaritequencies as a function of coupling gap sizes with the same circuit
frequency, thé represents the theoretical parallel resonance points, and fh@&ameters used in Fig. 9.
o represents the experimental results.

in this paper are accurate. Close inspection of Fig. 9 reveals
the following discoveries.

1) The measured resonant frequencies are in closer agree-

2)

3)

4)

ment with the theoretical series resonant frequencies
than the parallel ones. This can be attributed to the
following fact. A small series resistance representing the

and the bandwidth. Like the piezoelectric quartz crystal
[26], the ring resonator has close series and parallel
resonance points. This implies that ring resonators may
find important applications in designing narrow-band

filters and high spectral-purity oscillators.

V. CONCLUSIONS

loss for a high€) resonant circuit matches the system A transmission-line method is used to calculate the resonant
characteristic impedance (5Q) better at series reso-frequency of a capacitively coupled microstrip-ring resonator,

nance, while the parallel resonance exhibits a maximuificluding the coupling gap. The theoretical predictions have

parallel resistance that gives more mismatch. Thus, theen shown to agree very well with the experimental results.
series resonant modes are easier to be excited andSHMmarized below are the main findings of this paper.

turn, the measured return loss will be larger. Therefore,
only the series resonant modes were observed in Fig. 9.
The coupling gap effects on the performance of the
microstrip-ring resonator have to be taken into account,
especially when a small gap is introduced. The field
perturbations between the feed line and the ring res-
onator will cause the actual resonant frequency to have
appreciable deviation from that of the isolated microstrip
ring. .
It is well known that a larger gap results in less field
disturbance and, hence, less change in the resonant
frequency. If the coupling gap effects on the resonant
frequency are to be negligible, the ratio of the coupling
size to the feed linewidtts /W, should be set no less
than 0.4, as can be seen from the theoretical simulation
and experiment results shown in Fig. 9.

As the size of the coupling gap is increased, the series
and parallel resonance points become closer and closer
This suggests that the overall circuit of the capac-
itively coupled ring resonator will be increased as the
coupling gap is made larger. The differences betweens
the series resonant frequengy and parallel resonant
frequency f,, have been calculated as a function of
frequencies, as given in Fig. 10, which shows that there
is a direct connection between the coupling gap size

By viewing the microstrip ring as a microstrip line that
ends on itself, its input impedance has been analytically
derived in a compact closed form and can be considered
as a frequency-dependent capacitor.

Instead of ar-network, the coupling gap between the
microstrip feed line and the ring resonator has been
more reasonably modeled by drnetwork comprising

a parallel and series gap capacitance.

Combining the overall equivalent lumped circuits for the
capacitively coupled microstrip-ring resonator, the total
input impedance can be found from simple parallel and
series combinations of three capacitances.

For end-to-end microstrip coupling gap on dielectric
substrates of smalk,, Garg and Bahl's closed-form
expressions for the related capacitance calculations have
been modified to better fit Benedek and Silvester’s widely
cited results.

The measured resonant frequencies for the capacitively
coupled ring resonator agree better with the theoretical
series resonances than the parallel resonance points.
The ratio of the coupling gap size to the microstrip feed
line should be set greater than 0.4 if the coupling gap
effects on the resonant frequency are to be negligible.
Otherwise, the gap effects should be included for accurate
predictions of the resonant frequency.
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